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1. Introduction 



A CONSTRUCTION OF SYMMETRIC LINEAR FUNCTIONS OF THE 
RESTRICTED QUANTUM GROUP Ugish) 

OO ' YUSUKEARIKE 

o 
o 

^vj , Abstract. In this paper we construct all the primitive idempoteiits of the restricted quan- 

tum group Uqish) and also determine the multiplication rules among a basis given by the 
action of generators of U^ish) to the idempotents. By using this result we construct a basis 
of the space of symmetric linear functions of Uqish) and determine the decomposition of 
the integral of the dual of Uqish) twisted by the balancing element to the basis of the space 
of symmetric linear functions. 

C^ , The restricted quantum group Uqish) at roots of unity has been studied in various con- 

texts. In [2J and |3 1 it is shown that the category of modules of the irrational vertex operator 
algebra ^(p) is closely related with the category of finite-dimensional modules of Uqish) 
2X q - exp(7r yT-l/p) for p > 2. More precisely, they determine the Grothendieck group 
^ ' and the center of Uqish). Additionally they proved that the Grothendieck group, the cen- 

^^ i ter and a subspace of conformal blocks of W(p), which is invariant under the canonical 

^—^ \ SL2(Z) action, are isomorphic each other. Then it is also proved that, if p = 2, the cate- 

f^ ■ gory of finite-dimensional modules of Uqish) and the category of modules of "Wip) are 

r~^ . equivalent each other. Furthermore we can expect that the equivalence of these categories 

^D I holds for any p > 2. 

In this paper we construct a basis of the space of symmetric linear functions of Uqish). 

In order to construct a basis we determine certain basis of Uqish) which corresponding 

to indecomposable projective modules. Since Uqish) is a finite-dimensional unimodular 

^^ ' Hopf algebra and the square of the antipode is inner, we can see that the space of symmetric 

linear functions of Uqish) is isomorphic to the center by IfTOl . For Uqish) the center is 
(3p - l)-dimensional (see |2|) so we see that the space of symmetric linear functions of 
Uqish) is also (3/? - l)-dimensional. It also follows from [,10.1 that the linear functions 
given by the action of the balancing element of Uqish) to the left and right integrals of 
the dual Hopf algebra of Uqish) are symmetric. We determine the decomposition of this 
linear function into the basis of the space of symmetric linear functions. 

Our motivation to study symmetric linear functions comes from conformal field theo- 
ries. In the study of conformal field theory associated with a vertex operator algebra(VOA), 
the representation theory of vertex operator algebras plays an important role. In fact, the 
theory for any rational vertex operator algebra with the factorization property is established 
over the projective line in |9|. This theory has been generalized to the higher genus case; 
in particular, for an elliptic curve the space of conformal blocks with a vacuum module V 



2000 Mathematics Subject Classification. Primary 16W35, Secondary 17B37. 

1 



2 Y. ARIKE 

is nothing but the space of formal characters of modules for V (cf. |12|). Therefore its 
dimension coincides with the number of simple modules for Y up to isomorphisms. 

On the other hand, the theory for irrational VOAs is rather difficult. For example, under 
the same finiteness conditions, it is shown that conformal blocks are finite dimensional (see 
||7j| ). In this case the dimension is greater than the number of simple modules. 

There is an example of irrational conformal field theory which is called logarithmic 
conformal field theory. A typical example of the theory is a VOA 'W(p), whose conformal 
blocks involve logarithmic function of modulus q (recall that no logarithmic terms appear 
in rational cases). In this example determining the dimension of conformal blocks is rather 
difficult. 

By the discussions given in [7] and fSl, we can observe that the space of conformal 
blocks is isomorphic to the space of the symmetric linear functions of a finite dimensional 
algebra whose category of modules is equivalent to the category of V-modules (also see 
|J6l). This observation naturally indicates that the space of conformal blocks is closely 
related with the space of the symmetric linear functions of Uqish). 

This paper is organized as follows. In section 2 we review symmetric linear functions 
of an associative algebra and Integrals of Hopf algebras. We also review the relationship 
given in [ 10'| between the space of symmetric linear functions of a finite-dimensional Hopf 
algebra and its center. 

In section 3 we review the definition of Uqisli)- And we describe left and right integrals 
of Uqish), which turn out to be equal to each other, hence Uqish) is unimodular. And left 
and right integrals of the dual of Uqish) are determined. Moreover we recall that the 
square of the antipode of Uqish) is inner The results above can be found in |,2J. 

In section 4, by using the structure of projective modules of Uqish) in 121 and the result 
in ifTOl . we construct all indecomposable left ideals of Uqish) and we also construct all 
primitive idempotents of Uqish)- 

In section 5 we give a basis of Uqish) which is the basis of indecomposable projec- 
tive modules in Uqish) given by the actions of the generators of Uqish) to the primitive 
idempotents. And we determine the multiplication rules among the basis. By using the 
multiplication rules we construct a basis of symmetric linear functions of Uqish)- More- 
over we determine the decomposition of the linear function given by the action of the 
balancing element to the left and right integrals into the basis. 



2. Preliminaries 

In this paper we will always work over the complex number field C. For any vector 
space V we denote the space Homc(V, C) by V*. 



2.1. Symmetric linear functions. Let A be a finite-dimensional associative algebra. A 
symmetric linear function ip is an element of A* which satisfies ipiab) - (piba) for all 
a,b e A. We denote the subspace of symmetric linear functions of A* by SLF(A). If A is a 
finite-dimensional Hopf algebra, the space SLF(A) is equal to the space of cocommutative 
elements of A* (jTOl). 
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2.2. Integrals and the square of antipode of Hopf algebras. Let A be a finite-dimensional 
Hopf algebra with coproduct A, counit e and antipode S . Each of elements of the subspaces 

Xa = {A e A|flA = e(fl)A for all a e A), 
'??A = {A e A|Afl = e(fl)A for all a e A), 

is called a left integral and a right integral of A, respectively. If Xa ^ {0) (respectively 
I^A + {0)) the space Xa (respectively !??a) is one-dimensional (cf. ||T|)- Similarly a left 
(respectively, right) integral of the dual Hopf algebra H* is an element /I e A* which 
satisfies pA - p(\)X (respectively, Xp - p{Y)X) for all /:> € A*. Equivalently we can see 

La- = {^ e A*|(l ® /l)A(x) = X{x) for all x e A), 

•^^A- = {'i e A*|(/} ® l)A(jc) = A(x) for all x e A). 

If Xa - f^A the Hopf algebra A is called unimodular. 

Proposition 2.1 (110|). Let A be a finite-dimensional unimodular Hopf algebra with an- 
tipode S . Suppose that A is the left integral of H* and that fj. is the right integral of H*. 
Then 

(1) Aiab) = A{bS\a)), 

(2) ^i(ab) ^ ii(SHb)a). 

The square of the antipode is called inner if there exists an invertible element t such that 
S^(x) - txt'^ for all X e A. 

Proposition 2.2 ( UOJ ). Let A be a finite-dimensional unimodular Hopf algebra with an- 
tipode S. If S^ is inner, the center Z{A) of A is isomorphic to SLF(A) as vector spaces. 

Denote by ^ and ^- the left and right actions of A on A* defined by 

a -^ p(b) - p(ba), p ^- a(b) - p(ab), 

for a,b e A and p e A*. 

3. The restricted quantum group Uqish) 

3.1. Definition. Let /? > 2 be a positive integer and q — e\p(ny—l/p). The restricted 
quantum group Uqish) is a Hopf algebra over C generated by E,F,K and A""' with the 
relations 

KR-^ ^K-^K= 1, 

KER-^ = q^E, KFR-^ = q-^F, [E,F] = , , 

q-q 

EP = F" = 0, K^" = 1, 
as an algebra. The coproduct A, counit e and antipode S are given by 

A(£') ^\®E + E®K, AiF) = K-^®F + F®1, A{K) ^K®K, 

e(£) = e(F) = 0, e{K)^ 1, 

S{E) = -EK-\ S(F) = -KF, S(K) = kK 
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Lemma 3.1. The 2p^ elements E'"F"K^, where <m,n < p-\ and < f <2p- 1, form 
a basis ofUqish) as a vector space. 

For m, n ^'I.WQ use the standard notation 
r 1 g"-^'' 

[«] = TT' 

q-q 

[«]! = [«][«- 1]---[2][1],[0]! = 1, 



[m]! 

for n > and m - n > 0. 



[n]![m - n\\ 



We can write down the coproduct of the basis of Uqish) as in Lemma [37T] by using 
induction. 



Lemma 3.2. 



A(E"'F"K^) = T~' T~' fl''('""'')+*(''"*)"2r. 



Zulu' 



3.2. The integrals. The integral of Uqish) and the right integral of Uq{sl2y is given in 
ll2l. The basis of the space of left integrals is given by 

2p-l 

which also belongs to the space of right integrals. Therefore we can see that Uqish) is 
unimodular. 

Define the elements in Uqish)* by 

A(E'"F"K ) - 5m,p-\5n,p-\Si^p-\, 
fi(E'"F"K ) - 6„,^p-i6„^p-]6e^p+i. 

Proposition 3.3. Each of the spaces of left integrals and right integrals of the dual Hopf 
algebra ofUqish) is spanned by A and p respectively. 

Proof. It follows from Lemma [T2l n 

3.3. The square of the antipode. Uq{sl2) is not quasitriangular but there exists the Hopf 
algebra D which contains Uq(sl2) as a subalgebra and which is a ribbon quasitriangular 
Hopf algebra (see |2|). It is also shown that the Drinfeld element and the ribbon element 
of D belong to Uqish) in fT\. Thus the balancing element of D is also in Uqish). 

Proposition 3.4 ([2|). The square of the antipode ofUqish) is inner, in particular, S (x) — 
gxg^^ for all X € Uqish) where g — K^^^ . 

Then g"' — ^ A and// ^- g is in SiL¥(U qish)) by Proposition l2.1l Note that 

(3.1) g-' - A{E"'F"K') = a/ - g(E'"F"K') = 6,„,p-i6„,p-,6e,o. 
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3.4. Irreducible modules. The irreducible modules X" are labeled hy a - + and 1 < ,s < 
p. The irreducible module X" is spanned by weight vectors a'^{s), \ < n < s - \ with the 
action of Uqish) defined by 

where a"_^{s) - a"{s) - 0. 

3.5. Casimir element. The Casimir element of f/^(iZ2) is given by 

(3.2) C^EF+ ^^^^^,^, e Z{U,(sh)). 

(q-q ^y 

Proposition 3.5 (12|). The minimal polynomial relation of Casimir element is 

p-i 

(3.3) Op(x) = (x-Po)(x-f3p) Y](x-/3,f 

5=1 

where Bs = t^-'^kt- 

This relation gives the decomposition of Uq{sl2) into its subalgebras by Casimir ele- 
ment. 

p 

(3.4) U,{sh) = 2,, 

.5=0 

where Qs for < i < p is generalized eigenspace of eigenvalue jS^. 

4. Idempotents of Uqish) 

In this section we construct primitive idempotens of Uqish) by referring to the structure 
of projective modules (see [Zj). We construct all projective modules in Uqish) by E, F 
and^*'. 

4.1. Indecomposable modules in Uqish). In order to construct projective modules in 
Uqish) first we construct the module whose socle is the irreducible module X". 
Now we introduce the useful lemma. 



Lemma 4.1 ([4|). For I < m < p — I, The following relations hold in Uq(sl2): 

[E,F"'] = [m]F'"-'^ K q K 

q-q 

q-q 

[E'-,F] = [m]£'"-' ^ K q K 

q-q 



q-q ' 



Then we have a generahzation of this lemma (cf. ||5], IITTI ). 



6 Y. ARIKE 

Lemma 4.2. 

min(r,5) 

1=1 
where fl'\z)eC[z,z-^]. 

For \ < s,t < p and a = +, we set 

(=0 

Then we can see that Kv^is, t) - aq^^^'^^V'is, t). 
Define 

(4.1) alis, t) = EP-'^FP-'v"{s, t). 

This element in Uqish) is a highest weight vector of highest weight aq^ - 1. 

Lemma 4.3. Set a^Js, t) = F"al{s, t). 

n 

and 

4.„(^) = 4,„-i(^) + '^[«][^ - 2« + mti,,^i(^), for l<{<n-l. 

In particular A" J s) - n"=i(Q'[n][* - «])■ 

Proof. We use induction on n. For n = 0, the statement is clear and A^^^is) = 1. 
Suppose « > 0. By using Lemma |4n we can see 



a"„is,t)^Fa"„_,is,t) 
«-i 
= 2 ^ln-i('<)FEP-^''^FP-'^"-^-^v"(s, t) 



t=0 
n-\ 



^ Al^_^{s)EP-^-^FP-'^"-^v''{s, t) 



(=0 



+ Y^a[€+ms + (-2n + \]Al^_^{s)EP-^-^FP-'^"-^-^v"(s, t) 
e=o 

^Al„_,(s)EP-'FP-'^'V\s,t) 

+ Z fe-1^^) + ^M[^ + ^ - ^n\Al„_,{s))EP-'-'FP-'^--'v"{s, t) 



-\-n - 



+ a[n\[s - n\EP-'-"An-y,n-i{s)FP-\"{s, t). 
Thus we have the lemma. 
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By this lemma we can see that a"{s, t) is non-zero for < « < 5 - 1 so the elements 
a"{p, f) for < n < ;? - 1 are non-zero. Then Lemma I^TI shows 

(4.2) Kal(s,t) ^aq'-^-^"al{s,t\ 

(4.3) £<(i, t) ^a[n][s - n]<„i(j, t), 

(4.4) F<(.,0=fl;:+,(^,f), 

and Ea"{s, t) - 0. For s - p \\.\s clear that the space X'iit) spanned by a"{p, t), < n < 
p - 1 is isomorphic to the irreducible module X" It is expected that a"{s, t) is zero for 
\ < s < p — \ but it is hard to prove by direct calculation. We consider the element which 
is sent to a'^[s, t) by the action of F. 

Lemma 4.4. For I < s < p - \ and \ <t < s,we have 

p-s 



.«(., = i^ 2 f^:('')E"-"FP-'-"v"(s, t) 



n=\ 



where n^s) = WlJp_\_^^_y^(-a[k][p -s- k]). 



Proof. Direct calculation and Lemma BTTI prove this lemma. 
Set 

(4.5) xl(s, t) = ^ ^ Z'' ' " V fi:(s)E"-"FP-'-"v"(s, t). 

Then we can easily see that 



^i'i Js)EP-^F'-'v"is,t) 

<(^,0 = -^-^^ -^^ = E"-'F'-'v"(s,t), 

" rrP-^-i/ ^r;nr„_ ._ .■l^ 



so x"(s, t) is non-zero and Xy (,?, t) is a highest weight vector of highest weight -aq' 



rP-S-l 



Then, by Lemma HTTI and Lemma|4j4l we have 

(4.6) Kx^^is, t) = -aqP-'-^-^'^xlis, t), 

i-a[k][p - s - k]xf Js,t), 1 <k<p-s-l, 

(4.7) ExUs,t) = \ J *-i^ ' ^' I 

[O, /t = 0, 

(4.8) Fx1(s,t)^\ ^+1^ ' ^' ' 

(^ajjKi, f), k — p - s - 1. 

By the relations above we obtain 

a"^{s, t) = F'alis, f) = F'^P-'x^s, f) = 

for I < s < p - I and 1 < f < s. 

Proposition 4.5. For \ < s < p and \ < t < s the space X1(t) spanned by the vectors of 
the form a'^{s, t), Q < n < s - I is isomorphic to the irreducible module X". 
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Set 

p-s 



(4.9) b'^,(s, t) = F" Y^nl{s)EP-"-^FP~'-"v"{s, t), 

(4.10) yi{s,t)^F'^'b"o(s,t) 



for 0<n<s-l,0<k<p-s-l, and a = +. By Lemma HTH we have b"(s, f) ^ and 
3'"(i', 0^0 for < n < s - 1 and < k < p- s-l. Then the direct calculation and Lemma 
l4.1l shows the following relations: 



(4. 11) Kb-^^is, t) = aq'-^-^"bl{s, t), 

faf[n][s-n]/7^_j(s, + a^_j(s, f), I <n < s -I, 



x" As,t), n = 0, 



(4.12) £^^(^,0 = ^ 

\b"As,t), 0<n<s-2, 

(4.13) F/,:(.,o =:;''/' 

(4. 14) /:3'^(., = -aqP-'-'-^'ylis, t), 

i-a[k][p-s-k]y" ,is,t), I <k<p-s-l, 

(4.15) Ey1(s,t) = \ ^ ■^'^-1 ' 

K_,(*,0, ^ = 0, 

(4.16) Fy«(.,0 = f*"'' ' ' 

Let !Pj (0, 1 < i < p - 1 and 1 < f < ,s, be the space spanned by the elements of the form 

b-:^(s,t),x1(s,t),y1(s,t),a'^(s,t), 

for < n < s - I and < k < p - s - I. By the relations (|421i-(|431i, (l43ll-(l4r8Tl and 
(I4.11b -( l4.16b . the 2/?-dimensional space 'P'^(t) is an indecomposable left {/fy(j'/2)-module. 
Note that the modules !P^(0 for 1 < f < i are isomorphic to each other. 

Proposition 4.6. The 2p-dimensional indecomposable left module V", I < s < p — I and 
a - ±, is spanned by weight vectors 

b"„(s),xl{s),yl{s\a:{s), 

for Q < n < s - \ and 0<k<p — s— I with left actions defined by 

Kb^is) = aq'-'-^"b"„(s), 

ib^As), 0<n<s-2, 
Fb"Js)^\ «+i^ 

[yQ(s), n = s-l, 
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Kxlis) - -aqP-'-'-'-'^xlis), 

(O, k^ 0, 

ixlAs), 0<k<p-s-2, 
(^aQ(s), k-p-s-\, 
Kylis) = -aqP-'-'-^'ylis), 

^„, , {-a[k][p-s-k]yl_^{s), \<k<p-s-\, 
Eylis) = { 

K_i(s), k^O, 

iylAs), 0<k<p-s-2, 
[O, k^p-s-\, 

ia[n][s-n]a" ,(s), l<n<s-l, 
\0, n = 0, 

10, n = s - 1. 

Note that (C - yS,)^ vanishes on the module T^ and !P„_5. Hence there are inclusion 
maps f+ ^ gj and !P^7_j ^ gs for 1 < .? < p - 1. Since each of (C -/3o) and (C -/?,,) 
vanishes on /Yn and Xt,, respectively there are inclusion maps Xj, — > Qo and Xl, — > 2p(see 

4.2. Primitive idempotents of Uqish). First we show the irreducible modules X"p{t) con- 
tain primitive idempotens of Uqish). 

Proposition 4.7. Set 

(4.17) e^ip, t) = — i fl;'_,(;,, f) e X"M 

2p\]!;:lia[i\[p-i]) 

Then 

{e"{p,t2), fi = to, 

(4.18) e>,fi)e>,f2) = ^ ' , 

10, otherwise. 

In particular each e^{p, t) and e^(p, t), I < t < p, is primitive idempotent of Qp and Qo. 
respectively. 

Proof. It is clear that e"(p, t) generates the irreducible module X". By the left action of K 
on the irreducible module, 

v''{p,tx)a''^^^{pJ2)^\ '2 ' , 

0, otherwise. 
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By the action of Uq{sl2) on the irreducible module 



= 2p]^(am[p-/])F'-'flg(;,,0 

i=i 

p-i 
= 2pY\ia[i][p-i])al,{p,t). 



n 

To find other primitive idempotents of Uqish) the following lemma is useful. 

Lemma 4.8. Let (f be an element in Ug(sl2) with weight q'^^^^^" for < n < s - I and t// 
be an element in Uqish) with weight -qP^''^^^^'^for Q<k<p-s- I. 

[2pw, n - t - I, 
v^{s,t)ip^\ '^' 

to, otherwise, 

v+(s, OiA = 0, 

V {p - s, u)ip — 0, 

\2pip, k — u — 1, 



V (p — s, u)i^ — 

10, otherwise, 

for l<s<p— I, l<t<s and 1 < u < p — s. 
Proof. It follows from direct calculation. 
For I < s < p - I and 1 < f < 5 set 

(4.19) e'^is, = ^ IbUis, t) - ^al,(s, t)] e PJ(0 
where 

(4.20) r(s) = 2p f] i-a[m][p - s - m]) Y]ia[i][s - i]), 

m=l /=1 

p-s-l s-l s-i 

(4.21) S^is) ^2pY] i-ct[m][p - s - m]) ^ Y](a[k][s - k]) 

m=l /=I <-=i 

p-s-l p—s-l 



+ 2p Y](a[i][s - i]) 2 Yl (-a[k][p - s - k]). 



„=i 1=1 



Note that j^is) -y (p - s) and 6^(s) - 6 {p - s). Then we see that e"{s, t) generates the 
module !P'J. 

Using Lemma |4^ and the action of Uqish) we have the following: 

Proposition 4.9. The elements e^{s, t)for \ < t < s and e^(p — s, u)for \ < u < p — s are 
mutually orthogonal primitive idempotents of Q^ for 1 < s < p - \. 
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Proof. Using Lemma l4~8l we have 

= 2 ^o(^. - ^«o(^. t)\[bUs, t) - -i^-aUis, t) 



y^is) 



pt-\ (P 
2p ^ y Lit(s)EP-'-^F" 



j^s) 



(rn*)) VTTT 
By the action Qilj q{sh) on !P+, 



-1-1 Z7P-'-l ^'^' PP-^pP-t 



y^(s) 






||J/.f (.)£"-'-'F'-'-'j (/,^_,(., - ^<i(^, 



J-I / „+, , > .5-1 S-I 

= fi;_,(s) Y]([i][s - i]) [b^(s, t) - -^alis, t)\ + fi;_,is) 2 Y]^[j][s - j])a;(s, t) 



1=1 



y^s) 



s-l 



p-s-\ p-s-l-i 

;=i /=! j=i 



2p 



S^(s) 



b^is, t) - ——alis, t) + ——al^is, t). 



y^s) 



5^(*) +, 



2p 



and 






Ip 



a^(s,t). 



fp-s-l 



since fit(s) = EI j=p_j_(,_i)(- [;'][/' - « - ;])■ Hence we have 



(r (■s)) \ 2p \ 7+(i) y 2p y+(i) 2p 

= e+(s,f). 

By Lemma l4~8] these idempotents are mutually orthogonal. n 

Corollary 4.10. The modules X" and f" for a — + and 1 < s < p-\ are indecomposable 
projective modules. 



It is clear that 



p-\ s 



(4.22) Uqish) 2 0(^:(O e p-(t)) © 0('^;(f) © '^p(O). 

s=l r=l f=I 

Then the dimension of right hand side is 2p^ so the above inclusion is an equality. 
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5. Symmetric linear functions of Uqish) 
5.1. Basis and multiplication of 2j. For^ = 0,/? we can choose a basis of 2, as follows: 

(5.1) A"„(p, t) = —J a"„(p, 0, for < n < p - 1 and 1 < f < p. 



By similar argument in the proof of Pi'oposition l4.7l we have 

{AKp, t2), n = fi - 1 



(5.2) Al(p,H)A:(p,t2) 

10, otherwise. 

Then the algebras Qs for s -Q,p are isomorphic to Mp{C) as algebras. 
For 1 < s < p - 1 the following elements define a basis of Q,. 

(5.3) B^is, t) := - (/7,t(5, - -al(s, t)\ , 

1 jrp-s-k 

(5.4) Xt(s, t) := -xlis, t) = -—y-^ Blis, t), 

(5.5) Ytis, t) := -ylis, t) = F^+*Bj(., f), 

(5.6) A-^is, t) := lfl:(., = F"^'EBl{s, t), 

1 / _ <5, _ 

(5.7) B,(p- s,u) :- —\bi^(p- s,u) «/:(/'- ■«, «) 

1 _ £■'-* 

(5.8) X„(p-s,m):= —x„(p-s,u)^ —Bq(p-s,u), 

y^ UllM[s-i]) 

(5.9) Y„(p - s, u) := -y„{p -.,«) = FP-'^"B;,(p - s, u), 

Js 

(5.10) A^(/:>-5,m):= —a]^(p - s,u) ^ F''^^EBq(p - s,u), 

for l<f<.s, l<M<p-5, 0<n<j'-l and 0<k<p-s-l where 

7s = r^(i) = r"(p - ■«)' 

(5, = 5+(5) = r (p - s). 



Similar argument in the proof of Proposition |4.9| the following holds. 

(B+{s,t2), n = fi-l, 

(5.11) B:,is,ti)B:(s,t2)^\ 

10, otherwise, 

(5.12) B:„(s,ti)X^(s,t2)^0, 

(5.13) B,;(.,fi)y,+(.,f2) = 0, 

Xt(*'f2), n = fi-l, 



(5.14) B;(.,fi)A:(.,f2)= , 

0, otherwise 



(5.15) 
(5.16) 

(5.17) 

(5.18) 
(5.19) 

(5.20) 

(5.21) 

(5.22) 

(5.23) 

(5.24) 
(5.25) 

(5.26) 



A CONSTRUCTION OF SYMMETRIC LINEAR FUNCTIONS OF f/,(.!/2) 13 



Bl(s,ti)X-(p-s,u) 
Bt„{s,ti)Y;ip-s,u). 



X,„(p-s,u), n = fi-l, 
0, otherwise, 

Y;,(p-s,u), n^ti-l. 



0, 



otherwise, 



B^(s,h)A,^ip-s,u) = Q, 
B-^{p-s,ui)Bl{s,t)^0, 



B;(p-s,ui)Xl(s,t) 



BJ(p-s,ui)Yl{s,t) = 



XUs,t), £^ux-\. 



0, 



Otherwise, 



|y+(i,0, ^ = Mi-i, 

0, otherwise. 



B-^{p-s,ui)Al(s,t)^Q, 



B^ (p - s, Mi)Bf (p - s, U2) - 

B^ip - s, ui)X;,(p - s, U2) = 0, 
fi^(p - s, ui)Y„(p - s, M2) = 



Bi^(p-s,U2), £^ui-l. 



0, 



otherwise. 



B^ (p - s, ui)Af (p - s, U2) 



\A,(p- s,U2), { - ui -I, 



Bv(l53]l-0 

basis: 



0, otherwise. 

Tol l and ( |5.11| l-( l5.26l l. we can determine the multiplication table among the 



x\y 


BUi^,h) 


K- 


l(s,t2) 


YUs 


ji) 


K 


_,(.5,f2) 


B*{s,U) 


B:,(s,t2) 












a; 


isji) 


xi{s,n) 


Xt{s,t2) 

















Yl{s,U) 


Yt{s,t,) 

















AlisJi) 


A:(s,h) 

















Blip - s, u) 





XI 


{S,t2) 


y:(^, 


h) 







XJp- s,ii) 










a:(s. 


h) 







y;(p-s,u) 





a: 


(sJi) 












A^ip - s, u) 





















x\y 


B,,_iip-s,U2) 


K 


i(p-s 


,M2) 


y;- 


i(p-s 


,112) 


A~„_i{p - S,U2) 


B:(s,t) 





X-. 


(p-s 


"2) 


Y-, 


(p- s 


U2) 





X;{s,t) 












A\ 


(p-S 


U2) 





Y^isj) 





^l 


(P-.5, 


m) 












AtX^j) 






















B-(p-s,m) 


B-(p - s, U2) 
















A-(p- S,U2) 


X-{p- s,Ui) 


X,7(p - s, U2) 



















Y;;(p-s,ui) 


Y;{p - s, U2) 



















A~(p-s,ui) 


A^ip- S,U2) 
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for 1 < t,t],t2,n+ I < s and 1 <u,ui,U2,k+l < p- s and other multiplications among the basis 
are all zero. 



5.2. Symmetric linear functions. Uqish) is unimodular and the square of the antipode is inner. So 
the dimension of the space of symmetric linear functions of Uqish) is equal to that of the center of 
Uq{sl2). The structure of the center of Uq{sl2) is given in (2). 

Proposition 5.1 ((2)). The center ofUcjish) is (3p - \)-dimensional. 

By Proposition |2.2| we have: 

Corollary 5.2. The space of symmetric functions ofU^(sl2) is {3p - l)-dimensional. 

Since both Qg and Qp are isomorphic to the matrix algebra Mp(C) each of the trace of Qg and Qp 
respectively give symmetric linear functions. The trace Tg and Tp is given by 



1=1 
p 

Tp(x) = 2_] if'tiA^'i' 



for X = 2;i, 2;;:o <f'tM)A^(P, O e Qo or Qp. 

Next we determine the symmetric linear functions of Q, for I < s < p - I. Let us write x e Q^ 
by the basis of Q/. 



t=l n=0 



k=0 
p-s p-s-l 



=0 

+ Z (^iw^* (■^'^)+ 4:, «>-;(■'. o)} 

-I 
+ Z{ Z (v*."(^>^*'^^ - ■'' "> + ^luMA-,(p - s, u)) 

u=l *=0 

.1-1 

(5.27) + Yj {^^,.mK(.p - .^, ") + Q.(^)y;ip - ^. "))}, 

n=0 

where all coefficients are complex numbers. Now we define the linear functions 

s 

(5.28) t:{x) = Y,vUMI 

(=1 

p-s 

(5.29) r;(x) = 2v-_,jx), 

(5.30) G,(x) = 2 ^;_, ,(x) + 2 ^-_, „(x). 



A CONSTRUCTION OF SYMMETRIC LINEAR FUNCTIONS OF U^ish) 



By the multiplications among the basis, we have 



p—s p—s—\ 



11=1 k=0 
s ( s-l 



11= 1 k=Q 
s ( s-i p-s-\ 



t=l \n=0 k=Q 

p-s Ip -s- l s-l 

+ Z 1 Zi ('/'"- i.*+iWv*.«w + v^.-i.k+i^'^'f'k.uiy)) + Z (^>^-i-«+i(^)^«,,w + ^,ti.„+i(^Ku.(>')) 

u=l V 4=0 11=0 

This shows that these linear functions are symmetric. Then we have the following result: 

Theorem 5.3. The linear functions T^ and Gg for I < s < p — I Tq and Tp are symmetric linear 
functions in particular, these linear functions form a basis of ShF{U g(sl2)). 

5.3. Integrals and symmetric linear functions. The linear function g ' ^ /I = yu ^ g is symmet- 
ric so this symmetric linear function can be written by 

p-i 
(5.31) g"' ^ ^ = <yoTo + apT,, + J] {a^X + "X +P.<G,,) , 

s=l 

for some complex numbers ao, ffp, Q'* and/J,. Recall that 

A^ipj) = -j^ E"-'F"-'v''{p,t). 

2pn;r,(aw[p-']) 

Then, by Lemma |43] we have 

f — rr , « = f-l, 

0, otherwise. 



Since 



A^{s,t) = —E^'-^pP-'v+isj), 
7^ 



F" 
Bt,(s,t)= — 

7^ 



( P^' JC 

— o, 



Y,p^^{s)E''-'-'F''-' - ^EI'-'F"-' 



\c=i 



r. 



v^(^,0, 



we can see that 



-L, n = t-l, 
g-'^A(A:(s,t)) = h' 

[y, otherwise, 

( a, — f _ ] 

0, otherwise. 



by Lemma 1431 Similarly we also have 



, i-i-, k = u-l, 

g-' -^A(A-,(p-s,u)) = {-'' 

10, otherwise, 

l--\, u = k-l, 

g-' -i(S,-(/7-,V,M))= ""'' 

0, otherwise. 
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Consequently we have 



Now we can see that 



A. 



2pn;r,'(-wb -'■])' 




1 




""" 2pn':-:!ai][p-i])' 




Ss 




-4- 




1 




2p ml ms - i] nZ'-\-ii]iP - s - 


i]) 


(_1)P— 1[,]2 




2p([p-l]!)2 




^"^^"""'[.,12^2 sin ""^2(^-1) 





2p3 ^-^^ p' ' 
since [p - l]\ = Yl'^'l sin ^/ sin""' ^ and UZl si" 7 = P/2'"'- Similarly we have 



1 /- . ?r I 



a, = — |2sin- 



By I l4.22t . we see 



(r.i)- 



^i-l , p-s-l 

2-1 mr,?-/'i ~ ^ 
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